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Introduction.
Let Ω be a bounded domain in R N with smooth boundary. Consider the following elliptic system (1.1) −∆u = ∂ v H (u, v, x) in Ω, −∆v = ∂ u H (u, v, x) in Ω,
Throughout this section we make the following Under the above hypothesis, system (1.1) was investigated in the recent important paper [1] by Angenent and van der Vorst. These authors show that there is a Hilbert space E of functions z = (u, v), a linear E-symmetric isometry L: E → E and a nonlinear continuous operator K 1 : E → E such that the classical solutions of (1.1) are exactly the equilibria of the ordinary differential equation
on E. Moreover, (1.2) is gradient-like with respect to a strongly indefinite functional Φ 1 : E → R. (Here we are not using the notation of [1] but, rather, the notation of our previous paper [13] .) Using a specially developed version of Morse-Floer homology, Angenent and van der Vorst established a few results, which can be summarized in the following Theorem A (see [1] ). Suppose z 0 = (0, 0) is a hyperbolic equilibrium of (1.2) with renormalized Morse index µ(z 0 ) = 0. Then The authors also conjecture that the last part of Theorem A is true without the assumption that Φ 1 be Morse:
Conjecture A (see [1] ). Suppose that z 0 = (0, 0) is a hyperbolic equilibrium of (1.2) . If H is an even function, then (1.1) has at least 2|µ(z 0 )| nontrivial solutions.
If N is a isolating neighborhood with respect to the ordinary differential equation
on E, then there is a smallest l 0 ∈ N such that, for every l ≥ l 0 , the set N ∩ P l (E) is an isolating neighborhood relative to the ordinary differential equation
In other words, the LS-Conley index of an isolating neighborhood N relative to the infinite-dimensional ODE (1.3) is the sequence of the Conley indices of N with respect to the finite-dimensional Galerkin approximations (1.4) of (1.3). This index enjoys the usual properties of the classical Conley index, like the nontriviality and homotopy invariance property. Using this index, we established the results summarized in the following Theorem B (see [13] ).
If , in addition, z 0 = (0, 0) and γ = 0, then (1.1) has at least one nontrivial solution.
Here, as usual, we use the symbol Σ r to denote the homotopy type of a pointed r-dimensional sphere (S r , s 0 ). In [4] M. Carbinatto and the second author developed a theory of Morse decompositions for equations like (1.2). As an application of a corresponding Morse equation, they established the following result:
Theorem C (see [4] ). Suppose z 0 = (0, 0) is a hyperbolic equilibrium of (1.2) with γ = γ(z 0 ) = 0. Moreover , suppose that Φ 1 is a Morse function. Then (1.1) has at least two nontrivial solutions. If , in addition, H is an even function, then (1.1) has at least 2|γ| nontrivial solutions.
In this paper we complete the picture composed of the above results. In fact, we first show, in Theorem 2.3 below, that the number γ(z 0 ) of Theorem B equals the renormalized Morse index µ(z 0 ). This gives, firstly, a new interpretation of the renormalized Morse index. Secondly, this result implies that Theorems B and C together are equivalent to Theorem A. As a consequence we see that Theorem A can be proved by using Conley index methods rather than the (analytically more involved) Floer homology.
The second main result of this paper is a proof of Conjecture A (see Theorem 4.5 below). We obtain the proof by combining the G-equivariant version of the Galerkin type Conley index from [12] with the Morse decomposition theory from [4] and some abstract ideas from the paper [11] by the first author and the paper [8] by Floer and Zehnder.
Some of our results are of an abstract character and, properly extended and modified, they can be applied to establish multiplicity results for various other classes of strongly indefinite equivariant problems. This will be treated in a subsequent publication. For some other applications of the Conley index theory to strongly indefinite problems see [9] and [10] . Various applications of classical equivariant Conley index to problems with symmetries are contained in the lecture notes [2] .
In this paper we denote by R, Z, N and N 0 the sets of all real, integer, positive integer and nonnegative integer numbers, respectively. We also write
Given a topological space X and Y ⊂ X, we write Int X (Y ) and Cl X (Y ) to denote the interior and closure of Y in X, respectively. Given topological spaces X 1 and X 2 we denote by C(X 1 → X 2 ) the set of all continuous maps from X 1 to X 2 .
Finally, note that all vector spaces considered in this paper are over the reals.
A proof that γ(z
. In this section we use the notation and results of our previous paper [13] . In particular, let the operators A α , α ∈ R, the Hilbert space E, the operator L: E → E, the projectors P l : E → E, l ∈ N, and the nonlinear map K 1 : E → E be defined as in that paper. Finally, as in [13] we use the notation h(f, S) = (h(f, S) l ) l≥l 0 for the LSConley index of the pair (f, S) (defined in [12] ).
Recall the following
Here, the functions a, b, c ∈ C(Ω → R) are defined, for x ∈ Ω, by
The following result has been established in [13] : Theorem 2.2 (cf. the proof of Theorem 2.9, Corollary 2.10, and Theorem 2.6 of [13] ). Let z 0 and
The renormalized Morse index of a hyperbolic solution z 0 of (1.1) was defined of [1] . To recall the definition, let us first define, for every k ∈ N 0 and β ∈ ]0, 1[, the space h
(Ω) of the subset of smooth functions. Given α ∈ ]0, 1[ set
Here,
Now let B − and B + be linear, compact and E-symmetric operators on
be an arbitrary continuous family of compact E-symmetric operators with
is a well defined Fredholm operator. Its Fredholm index Ind Φ depends only on the pair (− L+B − , − L+B + ) and we write µ(− L+B − , − L+B + ) := Ind Φ. Now let z 0 and K lin,z 0 : E → E be as in Definition 2.1. One shows that
We can now state our first basic result. Proof. Note that for every l ∈ N the projection operator P l is compact, E-symmetric, P l (X α ) ⊂ X α and the restriction of P l to X α is compact. It follows that the operator
The cocycle property of the relative index µ (Lemma 16 of [1] ) implies that 
where for a linear map A on E l , m − (A) (resp. m + (A)) denotes the number of negative (resp. positive) eigenvalues of A, counted with multiplicities (cf. [14] or [17] ). Thus Φ is Fredholm and
Now, the definition of the LS-Conley index from [12] and Theorem 2.2 imply that m
= l for all l large enough. The theorem now follows from formulas (2.1)-(2.4).
It should be noted that the results stated so far in this section are valid under the sole Hypothesis 1.1(1)-(3) .
Remark. We now see that, under the full Hypothesis 1.1 and with the notation of the introduction, the conjunction of Theorems B and C is, indeed, equivalent to Theorem A.
In what follows we will require Definition 2.4 (see [4] ). Let X be a Banach space, U ⊂ X be open, and f ∈ C(U → X) be arbitrary. Let S ⊂ U be invariant relative to f . 
are the α-and ω-limit sets of σ, respectively.
Equivariant cohomology and an abstract multiplicity result.
In this section, in a step toward the proof of Conjecture A, we establish an abstract multiplicity result for finite-dimensional ordinary differential equations with a Z 2 -symmetry (see Theorem 3.8 below). This result requires some background material on transformation groups, which we briefly collect here for the readers' convenience. See [3] and [6] for general information on the subject.
Let G be a compact Lie group, EG be a contractible space with a free (left) G-action and let BG = EG/G be the corresponding orbit space. Let R be a commutative ring with unity and let (H Let (X, A) be an arbitrary pair of G-spaces, i.e. X is a G-space and A is a G-invariant subspace of X. Since the quotient map EG × X → (EG × X)/G is open, it follows that the topology of (EG × A)/G is just the subspace topology of (EG × A)/G in (EG × X) ∅) . (Notice at this point that this definition of H * G (X), identical to that of [6] , differs from the definition of H * G (X) as made in [11] .) There is a multiplication * : 
This easily implies the last statement of the proposition (cf. the proof of Theorem 5.3.5 of [18] ). It is well known (cf. Theorem III 2.5 of [6] ) that H *
, where ω is the (uniquely determined) generator of H 1 (BG). 
. Then the pointed G-spaces
are not G-homotopy equivalent. In fact, G-equivariant maps map G-fixed points to G-fixed points. Furthermore, the set of G-fixed points of Z 1 has two elements and hence is disconnected, while the set of G-fixed points of Z 2 is connected. It follows that whenever f : z 1 ) maps the two G-fixed points of Z 1 to the single G-fixed point of Z 1 . Therefore, in particular, h cannot be G-homotopic to the identity map on (Z 1 , z 1 ). It follows from these considerations that, in contrast to the nonequivariant case, the symbol Σ r G does not denote a single G-homotopy type, but, rather, a class of G-homotopy types. (N 1 , N 2 ) . Then q = r.
Proof. Let V be as in Definition 3.4. It is clear (and also follows from Lemma 2 of [7] ) that H * G (N 1 , N 2 ) of R-module homomorphisms. Proposition 3.1 and the fact that G = Z 2 (and so −g = g for g ∈ G) imply that the maps j
